this paper, we are mainly concerned with a cooperative system with a saturating interaction term for one species. Existence of coexistence states is investigated by global bifurcation theory, and exact results on regions in parameter space which have nontrivial nonnegative steady state solutions are given. The stability of coexistence states is also studied.
INTRODUCTION
In this paper, we consider the cooperative system with diffusion Both species in this model are assumed to grow logistically in absence of the other (
1.2)
For the usual cooperative system, the coexistence states have been studied in , and the two species coexist in the weak cooperative case cd < 1 if a > Xi, b > X1 or in the strong cooperative case cd > 1 if a < XI, b < X1. We refer to [5] for a nice characterization of existence regions for positive solutions in the case of weak cooperation.
In this paper, our interest is to search for the coexistence state of (1.2), which refers to those steady state solutions of (1.1) having both components strictly positive in 0. Our approach relies on various a priori estimates of solutions of (1.2), and other important ingredients including global bifurcation theory, fixed point index, and linear stability.
For the other studies of the cooperative model, the interested reader may be referred to [6- It is well known from [9, 10] that if a 5 Xl(q), u = 0 is the unique nonnegative solution of (1.3), whereas if a > Xl(q), (1.3) has a unique positive solution. If q E 0 and a > Xi, the unique positive solution is denoted by Oa, and the mapping: a + ea is strictly increasing and continuously differentiable in (Xi, +co). The corresponding initial boundary value problem is as follows:
ut-Au=au-u2, in R x (0, +cc),
It follows from [9, 10] that u = 0 is globally stable if a 5 X 1, whereas if a > Xi, the solution U(Z, t) of (1.4) approaches B, as t + co uniformly for IC E fi. It is quite standard to show that (1.1) has a unique local solution. Global existence may be proved by the comparison theorem as usual. Next, suppose that a + c 5 Xi. By the comparison theorem, we find 0 I ,u(z, t) I V(z, t), for (z, t) E R x [0, fco), where U(.z, t) satisfies the following problem:
Since limt,, U = 0 for USC < X1, we have lim+, u = 0. Thus, L,(uo,vo), the w-limit set of the mapping S(t) : (210~~0) + (u,v), lies in (0) X C,+, and the solution (u, 7~) of (1.1). corresponding to u0 = 0, u. 2 0, f 0, always satisfies u = 0 and For simplicity, we have assumed that the rates at which both species 1,. and 11 diffuse equal one, and it is easy to check that Theorems l-3 hold with minor modification ~eu in the case of differeut diffusion const,ants. This paper is organized as follows. In Section 2, we give the proof of Theorem 2, the global bifurcation theory, and the fixed point index being used. In Section 3, the coexistence state is investigated in the case of a > X1. Finally, in Section 4, we give the stability analysis of the coexistence state obtained in Section 3.
THE EXISTENCE OF COEXISTENCE STATE (I)
In this section, we give the proof of Theorem 2. For this purpose, it is necessary to obtain some a priori information about solutions of (1.2). First we have the following lemma. Let K be the inverse of -A with Dirichlet boundary condition. Then we find
We define T by T(b, U, V) = (aKU + cK(&U/(y + Qb)) + ICF,(U. V), bI<V -'LK(H,,V) + dK(BbU) + KF2(U,V)).
Let PROOF. It is easy to see that G is a C1 fun&ion. The Frechct derivative of G with rc:sp(xt to Suppose that La(wo, ~0) E R(L1 Since Q& > 0, this is impossible, which leads to L~(wo, ~0) @ R(L1). Thus, Theorem 1.7 of [12] can be applied, and there exists a curve of nontrivial nonnegative solution of (2.1) bifurcating at (P,O, Qp), and (b(s), u(s), V(s))(ls/ < 6) is th e unique nontrivial solution branch in the neighbourhood of (P,O,O), where U(s) = S(WO +4(s)), V(s) = S(XO + g(s)) and $(s),+(s) E C'(-6,+b), 4(O) = (cl(O) = 0. By the definition of ~0, it follows from Lemma 3 and the generalized maximum principle that ~0 > 0. Thus, (u(s),w(s)) with 0 < s < 6 is the coexistence state of (1.2), where
Let T : R x X -+ X be a compact continuously differentiable operator such that T(b, 0) = 0. We state the result that we use next on the global bifurcation, which Crandall and Rabinowitz [ 111.
Suppose we can write
is greater than one. is essentially due to Now we are going to complete the proof of Theorem 2. We divide the proof into several steps. is a solution of (1.2)
STEP 2. Let Pl = {U E C,$(!J?) : U(Z) > 0 for .7: E R, 2 < 0 on an} and
Clearly, C C P in the neighbourhood of the bifurcation point (/Y, 0, Q,).
Next we claim that the following assertions hold.
(Al) C -{(P, O,&)) c P.
(-42) {b : (b, U, W) E C} = [B, t-co) for some 6 2 p -d(a + c).
REMARK 5. It is easy to see that Theorem 2 follows from assertion (AZ).
PROOF OF (Ai). Suppose that C-{(p,O, 60)) is not contained in P.
Then there exists (8, 6,6) E {C -(P,O,ep)} n 8P which is the limit of a sequence of points {(b,, u,,u~)} in C n P. As (6,8) E dP, either 6 E 8Pi or 6 E api.
Suppose G E aP1. Then 6 > 0 for z E R and either 0 = 0 for some z E R or 2 = 0 for some ic E 80. Since ti satisfies Since a < Xi, we get G z 0, which gives a contradiction. 
It follows that b > X1(-&) and a > X1(-cv/(y+v)). By Lemma 2, we find b > XI(-~Q(,+,,).
Hence, 1) > Xi -d(a + c). Therefore, 0 < w < O(b+ci(a+c))r which leads to 
THE EXISTENCE OF COEXISTENCE STATE (II)
In this section, we give the proof of Theorem 3. Given a > A1, we regard b as bifurcation parameter once again. System (1. We are in a position to complete the proof of Theorem 3, which is established by the following lemma. 
THE STABILITY OF THE COEXISTENCE STATE (II)
In this final section, we discuss the stability of the coexistence state in Theorem 3 in the neighbourhood of (b', 0~, 0). Let ~ (u(b), M(b)) and s ~ (~r(s), N(s) 
PROOF. By substituting (b(s),u(s), v(s)
) into (1.2), differentiating with respect to s, and then setting s = 0, we find that
where ~(0) is the derivative of • with respect to s at s = 0. Taking the inner product with X1, using Green's formula, and noting the definition of Xl, we find
In conclusion, the first part of Theorem 4 is given by combination of Lemm~s 7 10. The second part of Theorem 4 is proved by the following lemma. 
By the L p estimate and the Sobolev embedding theorem, we can show that, subject to a subsequence if necessary, (ui,v~) ~ (u_,v) REMARK 6. Similar to the process as in the proof of Proposition 2, we can show that if d is sufficiently small, the coexistence state in the neighbourhood of (b ~, 0a, 0) is also linearly stable.
